The purpose of this note is twofold. First, we survey results from [24] , [18] and [3] on the construction of large class groups of number fields by specialization of finite covers of curves. Then we give examples of applications of these techniques.
The survey
The geometric techniques we shall report on are in fact explanations of geometric nature of a strategy which has been used from the beginning of the subject. We hope to convince the reader that this geometric viewpoint has many advantages. In particular, it clarifies the general strategy, and it allows one to obtain quantitative results. Furthermore, it raises new questions concerning torsion subgroups of Jacobians of curves defined over number fields.
Let us point out that, for simplicity, we focus here on geometric techniques related to covers of curves. Similar results hold for covers of arbitrary varieties, see [24] and [18] , at the price of greater technicalities. The advantage of considering arbitrary varieties is that it provides a general framework to explain all constructions from previous authors, without exception.
Large class groups: the folklore conjecture
If M is a finite abelian group, and if m > 1 is an integer, we define the m-rank of M to be the maximal integer r such that (Z/mZ) r is a subgroup of M ; we denote it by rk m M . If k is a number field, we let Cl(k) denote the ideal class group of k, and Disc(k) denote the (absolute) discriminant of k.
The following conjecture is widely believed to be true. When constructing families of degree d fields k with a given lower bound on rk m Cl(k), it is natural to count the number of fields constructed, ordered by discriminant. This is the quantitative aspect of Conjecture 1.1.
For a detailed account of qualitative results towards Conjecture 1.1, and a discussion of quantitative results, see §1.4.
A toy example
In order to give a flavor of our technique, we revisit a classical construction.
Fact. Let m ≥ 3 be an odd integer. For infinitely many odd x ∈ N, the imaginary quadratic field k = Q( √ 1 − x m ) satisfies rk m Cl(k) ≥ 1.
Classical proof
If y = √ 1 − x m , then y 2 = 1 − x m and x m = (1 − y)(1 + y). The ideal (1 − y, 1 + y) divides 2, but is also coprime to 2 because x is odd. Thus 1 − y and 1 + y are coprime, and their product is an m-th power; hence each of them generates an ideal that is the m-th power of some ideal of O k . So there exists an ideal a of O k such that (1 − y) = a m . Therefore, the class of a in Cl(k) has order dividing m.
The next (and hardest) step is to prove that, if some additional condition is satisfied, then the class of a in Cl(k) has exact order m. Let us assume that the class of a has order q < m, i.e. there exists α ∈ O k such that a q = (α). One can write m = qℓ for some odd ℓ > 1. It follows that (α) ℓ = (1 − y), and hence there exists a unit ε of k such that εα ℓ = 1 − y. Assuming that the square-free part of 1 − x m is strictly smaller than −3, the units of the imaginary quadratic field k are {±1}, and hence α ℓ = 1 − y up to sign change. The result ultimately relies on the inexistence of solutions to this Diophantine equation, which one achieves by putting additional conditions on x. For example, Ram Murty [35] has shown that, if the square factor of 1 − x m is less than x m/4 /2 √ 2, then this equation has no solution. The same result is proved in [9] under the condition that x is a prime number ≥ 5. Eventually, as was pointed out by Cohn [13] , it follows from the work of Nagell [30] that, for any odd number x ≥ 5, one has rk m Cl(k) ≥ 1.
Quantitative results are usually obtained by ad hoc techniques of analytic number theory, depending on the required condition on x.
Geometric proof
Let C be the smooth, projective, geometrically irreducible hyperelliptic curve over Q defined by the affine equation
Let T ∈ C(Q) be the point with affine coordinates (0, 1). The integer m being odd, the curve C has a unique point at infinity, that we denote by ∞. The divisor of the rational function 1 − y is given by div(1 − y) = mT − m∞, which proves that the class of the divisor T − ∞ defines a rational point of order dividing m in the Jacobian of C. It is not very hard to check that in fact this divisor class has exact order m in the Jacobian of C.
A brief reminder on ramification in Kummer extensions : let K be a local field with valuation v, let m > 1 be an integer, and let γ ∈ K × . If the Kummer extension K( m √ γ)/K is unramified at v, then v(γ) ≡ 0 (mod m). Conversely, if v(γ) ≡ 0 (mod m) and the residue characteristic of K is coprime to m, then K( m √ γ)/K is unramified at v.
The valuation of 1−y at each place of C is a multiple of m; hence the function field extension Q(C)( m √ 1 − y)/Q(C) is unramified at each place of C. Therefore, this extension corresponds to anétale cover of C, that we denote by f :C → C. This is a geometrically connected cover of degree m, because the class of T − ∞ has order m in the Jacobian of C.
Let us consider a point P ∈ C(Q) satisfying the following properties:
(iii) Q(P ) is linearly disjoint from the m-th cyclotomic field Q(µ m ).
Then we claim that rk m Cl(Q(P ))
. In order to prove this, let us define
which is an analogue of the Selmer group for the multiplicative group over Q(P ). Then we have an exact sequence
By condition (i), the element 1− y(P ) defines a class in Sel m (Q(P )), which has exact order m by condition (ii). It follows from condition (iii) that rk m O
. Therefore, by considering m-ranks in the exact sequence above, one obtains the result.
We shall now prove the existence of infinitely many points P ∈ C(Q) satisfying (i), (ii) and (iii), and such that Q(P ) is an imaginary quadratic field. It follows from Dirichlet's unit theorem that rk m Cl(Q(P )) ≥ 1 for such fields. On the other hand, if Q(P ) is a real quadratic field, then this machinery does not yield any result, because we don't have a way to ensure that 1 − y(P ) is not a unit modulo m-th powers.
It follows from an appropriate version of the Chevalley-Weil theorem that, if p is a prime of good reduction of C, then for any point P ∈ C(Q), the extension Q( m 1 − y(P ))/Q(P ) is unramified at all places v dividing p. For such v, the condition v(1 − y(P )) ≡ 0 (mod m) is satisfied, according to the Kummer criterion.
An immediate application of the Jacobian criterion of smoothness shows that the primes of bad reduction of C are the primes dividing 2m. We shall now deal with the ramification at such primes p. Let P 0 be the rational point of C with affine coordinates (1, 0). Then P 0 is a ramification point of x, and the extension Q( m 1 − y(P 0 ))/Q(P 0 ) is the cyclotomic extension Q( m √ 1)/Q. It follows from Krasner's Lemma that, for any point P ∈ C(Q) which is p-adically close enough to P 0 , the extension Q( m 1 − y(P ))/Q(P ) has the same p-adic localizations as Q(
is an m-th power in Q(P ) v , and in particular its v-adic valuation is a multiple of m.
Let ∆ be the product of bad primes, and let φ : C → P 1 be the rational map defined by φ = x−1 ∆ N for some integer N large enough, so that for all t ∈ N and all bad p, the point P t := φ −1 (t) is p-adically close enough to the point P 0 . Then the discussion above proves that all points P t with t ∈ N satisfy condition (i). In fact, it was shown in the classical proof that the map φ = x−1 2 does the job, so we shall use that one instead. Applying Hilbert's irreducibility theorem to the composite cover of degree 2m
we obtain the existence of infinitely many t ∈ N such that [Q(f −1 (P t )) : Q] = 2m. For such t, the field Q(P t ) is quadratic, and Q(f −1 (P t )) = Q( m 1 − y(P t )) is an extension of degree m of Q(P t ).
Hence condition (ii) is satisfied. Moreover, Q(P t ) = Q( 1 − (2t + 1) m ) is imaginary quadratic, hence (iii) holds (unless 3 | m and Q(P ) = Q( √ −3), which we exclude). This concludes the proof of the statement.
Finally, it follows from a quantitative version of Hilbert's irreducibility theorem, due to Dvornicich and Zannier [17] , that, given X > 0, there exist ≫ X 1 m / log X imaginary quadratic fields Q(P t ) with discriminant | Disc(Q(P t ))| < X such that condition (ii) is satisfied. This yields a quantitative version of the result.
Comments
At first glance, the geometric proof seems more technical than the classical one. Let us list some advantages of this technique over the classical one.
A first advantage of geometry is to avoid the use of ad hoc "tricks". More precisely, in the classical method one uses two tricks: the first one is to ensure that 1−y is the m-th power of some ideal of k, which is done by requiring congruence conditions on the variables. In the geometric case, this relies on the Chevalley-Weil theorem and some additional condition, namely: there exists a rational point on C at which the map C → P 1 is totally ramified. The second trick, which is the hardest, is to prove that, for every ℓ > 1 dividing m, the equation α ℓ = 1 − y has no solution α ∈ k. In the geometric world, this follows immediately from Hilbert's irreducibility theorem, without any additional technicality.
Another nice feature of the geometric approach: the use of Hilbert's irreducibility theorem automatically gives us a quantitative version of the result. This should be compared to the specific analytic number theory machinery that has been used previously on these quantitative class group problems.
A final advantage comes from the (arguable) fact that it is relatively easier to buildétale covers of curves than everywhere unramified extensions of number fields.
General specialization results
Following the lines of the geometric proof of the "toy example" above, one obtains the following general statement. Theorem 1.2. Let C be a smooth, projective, geometrically irreducible curve over Q, let Jac(C) be the Jacobian of C, and let m > 1 be an integer. Assume that C admits a finite morphism C → P 1 of degree d, totally ramified over some point belonging to P 1 (Q). Then there exist infinitely many (isomorphism classes of ) number fields k with
Inspired by the technique introduced in [24] , this theorem was proved in [18] in the case when C is a superelliptic curve defined by a "nice equation" (see Corollary 3.1 of [18] ). The version above is proved in [3] , the base field being Q for simplicity. In §2.4 we state a variant of this result, in which the assumption that the morphism C → P 1 is totally ramified over some rational point is replaced by a more technical one.
While Theorem 1.2 is quite general, its applicability in concrete cases is impaired by the presence of the negative term − rk Z O × k on the right: the rank of the unit group of the field k tends to be large, especially if d > 2.
This deficiency is avoided in the following theorem, which constitutes the main result of [3] . Let us denote by rk µm Jac(C) the maximal integer r such that Jac(C) has a Gal(Q/Q)-submodule isomorphic to µ r m . Theorem 1.3. In the set-up of Theorem 1.2, there exist infinitely many number fields k with
In contradistinction with the proof of Theorem 1.2 which is based on Kummer theory, the proof of Theorem 1.3 relies on Class Field Theory. It can be seen as a generalization of the constructions of Mestre [25, 26, 27, 28] .
In both Theorems 1.2 and 1.3 the "infinitely many" can be made quantitative, the fields being ordered by discriminant. Theorem 1.4. Let φ ∈ Q(C) be the rational function defining the morphism C → P 1 appearing in both Theorems 1.2 and 1.3. Assume that there exists a rational function x ∈ Q(C) of degree n such that Q(C) = Q(φ, x). Then, for sufficiently large positive X, in both these theorems the number of isomorphism classes of the fields k satisfying (2) or (3), respectively, and such that
In a recent work [5] , Bilu and Luca improved the quantitative version of Hilbert's irreducibility theorem given by Dvornicich and Zannier, on which our quantitative results are based. We underline the fact that any improvement of quantitative HIT automatically yields a similar improvement of our quantitative results.
In the case when C is a hyperelliptic curve with a rational Weierstrass point, it is possible to improve slightly the quantitative result. More precisely, we obtain in [18] the following quantitative version of Theorem 1.2 for such curves. Corollary 1.5. Let C be a smooth projective hyperelliptic curve over Q with a rational Weierstrass point, and let m > 1 be an integer. Let g denote the genus of C. Then there exist ≫ X 1 2g+1 / log X imaginary (resp. real) quadratic number fields k with | Disc(k)| < X and
In view of the statement above, the following question arises immediately: Question 1.6. Let m > 1 be an integer. Do there exist hyperelliptic curves C over Q with rk m Jac(C)(Q) tors arbitrarily large?
According to Corollary 1.5, a positive answer to this question would provide a proof of Conjecture 1.1 in the d = 2 case, provided the curves have rational Weierstrass points.
For m = 2, the question above has a positive answer. Apart from this easy case, very little is known. To our knowledge, the best general result is the following: given m > 1, there exist hyperelliptic curves C over Q with rk m Jac(C)(Q) tors ≥ 2. This allows one to derive Yamamoto's result from Corollary 1.5 (see §2.1).
Finally, it follows from Theorem 1.3 that Corollary 1.5 and Question 1.6 have natural analogues in which rk m Jac(C)(Q) tors is replaced by rk µm Jac(C). Unfortunately, we have not been able to find examples of hyperelliptic curves over Q with large rk µm Jac(C).
Record of known results towards Conjecture 1.1
In this section we give a brief summary of the history of results on the problem of finding infinite families of number fields of degree d over Q with ideal class groups of large m-rank (see Tables 1 and 2 below for a more comprehensive list of results). The earliest such result could be considered to be Gauss' result determining, in modern terms, the 2-rank of the class group of a quadratic number field in terms of the primes dividing the discriminant of the quadratic field. In particular, it follows from Gauss' result that the 2-rank of the ideal class group of a quadratic number field can be made arbitrarily large. In contrast to Gauss' result, there is not a single quadratic number field k and prime p = 2 for which it is known that rk p Cl(k) > 6, although the Cohen-Lenstra heuristics [11, 12] predict that for any given positive integer r, a positive proportion of quadratic fields k should have rk p Cl(k) = r. The first constructive result on m-ranks of class groups for arbitrary m was given in 1922 by Nagell [29, 31] , who proved that for any positive integer m, there exist infinitely many imaginary quadratic number fields whose class group has an element of order m (in particular, there are infinitely many imaginary quadratic fields with class number divisible by m). Nagell's result has since been reproved by a number of different authors (e.g., [1] , [20] , [23] ). Nearly fifty years later, working independently, Yamamoto [40] and Weinberger [39] extended Nagell's result to real quadratic fields. Soon after, Uchida [38] proved the analogous result for cubic cyclic fields. In 1984, Azuhata and Ichimura [2] succeeded in extending Nagell's result to number fields of arbitrary degree. In fact, they proved that for any integers m, d > 1 and any nonnegative integers 
The right-hand side of (4) was subsequently improved to r 2 + 1 by Nakano [32, 33] . Choosing r 2 as large as possible, we thus obtain, for any m, infinitely many number fields k of degree d > 1 with
where ⌊·⌋ and ⌈·⌉ denote the greatest and least integer functions, respectively. For general m and d, (5) is the best result that is known on producing number fields of degree d with a class group of large m-rank. In [24] it was shown that there exist infinitely many number fields k of degree d satisfying rk m Cl(k) ≥ Recently, progress has been made on obtaining quantitative results on counting the number fields in the above results. Murty [36] gave the first results in this direction, obtaining quantitative versions of the theorems of Nagell and Yamamoto-Weinberger. His results have since been improved by, among others, Soundararajan [37] in the imaginary quadratic case and Yu [41] in the real quadratic case. In higher degrees, Hernández and Luca [19] gave the first such result for cubic number fields, while Bilu and Luca [4] succeeded in proving a quantitative theorem for number fields of arbitrary degree. Bilu and Luca's result was improved in [24] , where a quantitative version of Azuhata and Ichimura's result was given. In §2.4, we show how it is possible to derive from Theorem 1.2 a short proof of this result.
The examples
This section is devoted to examples of applications of Theorems 1.2 and 1.3. Each of these examples is obtained by revisiting previous constructions. In certain cases, this yields new quantitative results.
Yamamoto's result
In [40] , Yamamoto proved that, for any integer m > 1, there exist infinitely many imaginary (resp. real) quadratic fields k with rk m Cl(k) ≥ 2 (resp. rk m Cl(k) ≥ 1).
In order to recover this result via geometry, we proved the following in [18] .
Lemma 2.1. Let λ ∈ Q × , and let m > 1 be an integer. Let C be the smooth projective hyperelliptic curve defined over Q by the affine equation y 2 = x 2m − (1 + λ 2 )x m + λ 2 . Then C has a rational Weierstrass point, and rk m Jac(C)(Q) tors ≥ 2. If m is odd, then Byeon [8] and Yu [41] have proved, for imaginary and real quadratic fields, respectively, the better lower bound of ≫ X 1/m−ǫ . If m is even, in the real quadratic case a lower bound of ≫ X 1/m was proved by Chakraborty, Luca, and Mukhopadhyay [10] . The imaginary quadratic case of Corollary 2.2 with m even appears to be a new result of [18] .
3-ranks of quadratic fields: a construction of Craig
In [15] , Craig constructed infinitely many imaginary (resp. real) quadratic fields k with rk 3 Cl(k) ≥ 4 (resp. with rk 3 Cl(k) ≥ 3). We prove quantitative versions of Craig's result and show how his constructions yield a hyperelliptic curve whose Jacobian has a rational subgroup isomorphic to (Z/3Z) 4 .
Let f be the polynomial
The idea in [15] is to find a nontrivial parametric family of solutions to the equations
it suffices to find solutions to 
Craig gives a two-parameter family of solutions to (6), (7), and (8) in terms of α, β, and γ satisfying α + β + γ = 0. We refer the reader to [15] for the rather involved formulas. We specialize Craig's solution by setting α = 0, β = t, and γ = −t. This gives a polynomial h(t) = f (x 0 (t), y 0 (t), z 0 (t)) of degree 141. Let C be the (nonsingular projective model of the) hyperelliptic curve defined by Y 2 = h(t). We have the four identities (where x 0 = x 0 (t), y 0 = y 0 (t), etc.), Using Magma, it is easy to verify that D 1 , D 2 , D 3 , and D 4 give independent 3-torsion elements of Jac(C)(Q) (to simplify calculations, this can be done modulo p = 7, a prime of good reduction of C). Thus, we arrive at the following result. Since h has odd degree, C has a rational Weierstrass point, and so Corollary 1.5 applies.
Corollary 2.4. There exist ≫ X 1 141 / log X imaginary (resp. real) quadratic fields k with | Disc(k)| < X and rk 3 Cl(k) ≥ 4 (resp. rk 3 Cl(k) ≥ 3).
5-ranks of quadratic fields: a construction of Mestre
In [28] , Mestre proved the existence of infinitely many imaginary and real quadratic fields k with rk 5 Cl(k) ≥ 3. We briefly review his construction. For the reader's convenience, we stick to the original notation. Mestre constructs:
(1) a genus 5 hyperelliptic curve C defined over Q, which admits three rational Weierstrass points;
(2) three elliptic curves E 1 , E 2 and E 3 defined over Q, each of them endowed with an isogeny ϕ i : E i → F i with kernel Z/5Z; (3) three independent Galois covers τ i : C → F i with group (Z/2Z) 2 .
The existence of the maps τ i implies that the Jacobian of C splits, and that each of the F i is an isogenus factor of Jac(C) via an isogeny of degree 4. More precisely, there exists an abelian surface B and an isogeny
whose degree is a power of 2.
On the other hand, the dual isogenyφ i : F i → E i has kernel µ 5 , because the kernel of theφ i is the Cartier dual of the kernel of ϕ i . Hence Jac(C) contains µ 3 5 as a subgroup, which means in our terminology that rk µ 5 Jac(C) ≥ 3.
Applying Theorem 1.3 to this situation, we obtain the following quantitative version of Mestre's result. Theorem 2.5. There exist ≫ X 1 11 / log X imaginary (resp. real) quadratic fields k with | Disc(k)| < X such that rk 5 Cl(k) ≥ 3.
Higher degree fields
Let us fix integers m, r > 1 with (r, m) = 1. Consider a superelliptic curve C defined by an affine equation of the form
where a 1 , . . . , a r are pairwise distinct rational numbers, and a 0 ∈ Q × . Then x and y are rational functions on C with deg x = m and deg y = r. Since (r, m) = 1, the curve C has a unique point at infinity, that we denote by ∞, and x and y are totally ramified at that point. For each i, let P i be the rational point on C with affine coordinates (a i , 0). Then one has
A classical argument shows that the divisor classes (P i − ∞) r i=1 generate a subgroup of Jac(C)(Q) isomorphic to (Z/mZ) r−1 .
Applying Theorem 1.2 to the map x : C → P 1 , one recovers the result of Brumer and Rosen (first line in Table 2 ). By considering the map y : C → P 1 , one recovers results of Azuhata, Ichimura, and Nakano (lines 4 and 5 in Table 2 ). Using Hilbert's irreducibility theorem, quantitative versions of these results were obtained in [24] .
Using other maps, it was shown in [24] that in some situations it is possible to improve on Nakano's inequality (5) (last line in Table 2 ). 
A detailed proof of this theorem is given in [24] , but it is possible to give a simpler proof by using the following variant of Theorem 1.2.
Theorem 2.7. Let C be a smooth projective geometrically irreducible curve over Q, let Jac(C) be the Jacobian of C, and let m > 1 be an integer. Let s = rk m Jac(C)(Q) tors , and let D 1 , . . . , D s be divisors on C whose classes in Jac(C)(Q) generate a subgroup isomorphic to (Z/mZ) s . Let g 1 , . . . , g s be rational functions on C such that div(g i ) = mD i for all i. Assume that there exists a finite map φ : C → P 1 of degree d such that, for all t ∈ N, the point P t := φ −1 (t) has the property that
where Sel m is defined in (1). Then there exist infinitely many t ∈ N such that [Q(P t ) : Q] = d and rk m Cl(Q(P t )) ≥ s − rk Z O × Q(Pt) . Moreover, there are infinitely many isomorphism classes of such fields Q(P t ).
This statement is a generalization of Theorem 1.2, in which the condition on the existence of a totally ramified point for the map φ is replaced by a more technical one. In explicit examples, this technical condition usually comes from a congruence condition on the coordinates of the point P t (see proof of Theorem 2.6 below).
Theorem 2.7 can be proved along the lines of the toy example. We refer to the proof of Let ∆ 0 be the product of prime numbers dividing the discriminant of h. Having chosen a 1 , . . . , a r properly, it can be shown [24, Lemma 3.3] that there exists an integer c 0 such that, for each integer c ≡ c 0 (mod ∆ 0 ), the point Q c := ψ −1 (c) has the property that g 2 (Q c ), . . . , g r (Q c ) define classes in Sel m (Q(Q c )). If we define φ : C → P 1 by φ := ψ − c 0 ∆ 0 , then φ also has degree d and, for all t ∈ N, the point P t := φ −1 (t) satisfies condition (9) from Theorem 2.7 with respect to the functions g 2 , . . . , g r . and Q(P t ) has at most two real places for t ≫ 0. The result follows from Theorem 2.7.
